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DIMENSION MAXIMIZING MEASURES FOR SELF-AFFINE SYSTEMS 


BALAZS BARANY AND MICHAL RAMS 


Abstract. In this paper we study the dimension theory of planar self-affine sets satisfying domin¬ 
ated splitting in the linear parts and strong separation condition. The main results of this paper is 
the existence of dimension maximizing Gibbs measures (Kaenmaki measures). To prove this phe¬ 
nomena, we show that the Ledrappier-Young formula holds for Gibbs measures and we introduce a 
transversality type condition for the strong-stable directions on the projective space. 


1. Introduction and Statements 

Let A := (Ai, A 2 ,..., Ajy) be a finite set of contracting, non-singular 2x2 matrices, and let 
^ {fi : X i—> AiX + be an iterated function system (IFS) on the plane with affine mappings, 

where ||Aj|| < 1 and t^ e for i = 1, ..., A. It is a well-known fact that there exists an unique 
non-empty compact subset A of such that 

N 

A = U 

i=l 

We call the set A the attractor of <!' or self-affine set. 

Let us denote the Hausdorff dimension of a set X by dim//A. Moreover, denote by dim pA and 
by dim^A the lower and upper box dimension. If the upper and lower box dimensions coincide then 
we call the common value the box dimension and denoted by dim^ A. For the definitions and basic 
properties, we refer to Falconer [7]. 

The image of the unit ball under the affine mapping f{x) = Ax -I- t is an ellipse. The length of 

the longer and shorter axes of the ellipse depends only on the matrix A, and we call these values the 

singular values of A. We denote the ith singular value of A by a*(A). More precisely, ai(A) is the 
positive square root of the ith eigenvalue of AA*, where A* is the transpose of A. We note that in 
this case, q;i(A) = ||A|| and a 2 (A) = ||A“^||“^, where ||.|| is the usual matrix norm induced by the 
Euclidean norm on M^. Moreover, ai{A)a 2 {A) = |detA|. 

The natural cover of these ellipses play important role in the calculation of the dimension of self- 
affine sets. The image of the unit ball under an affine mapping can be covered by 1 ball with radius 
ai{A), or can be covered by approximately ai{A)/a 2 [A) balls with radius 0:2(A). This leads us to 
the definition of singular value function. For s ^ 0 define the singular value function 4>^ as follows 

f ctiiAy 0 ^ s ^ 1 

(j)%A) := \ ai(A)a2(A)*-i 1 < s ^ 2 (1.1) 

[ (ai(A)a2(A))*/2 s > 2. 
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Falconer P introduced the subadditive pressure 

1 ^ 

:= lim -log ^ (p^{Ai^ ■ ■ ■ AiJ. ( 1 . 2 ) 

n—^co Ti 

2l ,...,271 = 1 

The function P 4 : [0, 00 ) 1 -^ M is continuous, strictly monotone decreasing on [0, 00 ), moreover 
-fyt(O) = log and lims^oo ^( 4 ( 5 ) = — 00 . Falconer [ 6 ] showed that for the unique root sq := so(-^) of 
the subadditive pressure function dim^A ^ min { 2 , sq} and if ||Aj|| < 1/3 for every i = 1 ,..., then 

dim// A = dimg A = min {2, sq} for Lebesgue-almost every t = (t^,..., tjy) e 

The condition was later weakened to ||Aj|| < 1/2 by Solomyak, see HZ!. We call the value sq the 
affinity dimension of <h. Kaenmaki [TT] showed that for Lebesgue-almost every t = (t^, ..., tjy) ^ 
there exists an invariant measure supported on A such that dim//= dim//A = min{2,so}. 
Under our assumptions: SSC (see below) and dominated splitting (see below, Dehnition 12.11) this 
measure is image of a Gibbs IDefinition 12.61) . but in general not image of a Bernoulli. 

Other type of ’almost surely’ result was unknown previously. The main advantage of this paper 
is to give an almost everywhere condition on the set of matrices instead of on the set of translation 
vectors. 

In this paper we consider IFSs of affinities which satisfy the strong separation condition (SSC), i.e. 

/i(A) n fj{A) = 0 for every i 7 ^ j. 

We note that the strong separation condition implies sq < 2. 

Falconer [ 8 | proved that if satishes a separation condition (milder than SSC) and the projection 
of A in every direction contains an interval then the box dimension of a self-afRne set is equal to the 
affinity dimension. Hueter and Lalley [10] gave conditions, which ensure that the Hausdorff and box 
dimension of a self-affine set equal to the affinity dimension. 

In the recent paper of Barany [2], the result of Hueter and Lalley |10| was generalised for self-affine 
measures. That is, under the same conditions of Hueter and Lalley [10] the Hausdorff dimension of 
any self-afRne measure is equal to its Lyapunov dimension. In particular, in (2| the author proved that 
under slightly more general conditions any self-afRne measure is exact dimensional and gave a formula, 
which connects entropy, Lyapunov exponents and the projection of the measure (Ledrappier-Young 
formula). 

Recently, Falconer and Kempton [9] used methods from ergodic theory along with properties of 
the Furstenberg measure and obtained conditions under which certain classes of plane self-affine sets 
have Hausdorff and box dimension equal to the affinity dimension. By adapting the conditions of 
Falconer and Kempton [9] and Barany (2| we prove that for ’’typical” linear parts ({A/}^^) if the 
SSC holds then the dimension of self-afRne set is equal to the affinity dimension. Precisely, let 

931 := |a e m 2 x 2 ^ . q ^ < \ and ||A|| < l| , (1.3) 

where 

|||A||| = min {|a| -I- |5|, |c| -1- |(i|} for A = ^ ^ . 

Let us define the following sets 

9I:= {Ae93I: ||A-^||||Ap ^ 1 } and D/v := {A e 931^ : so(A) > 5/3} , (1.4) 


for every N ^ 2. 
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Theorem 1.1. Let N ^ 2. For C 4 ^M-o,lmost every A e 91^ (JDat, ift = {ti,... An) ^ is chosen 
such that AiX + satisfies the SSC then there exists a measure supported on 

the attractor A of ^ such that 

dim// = dim// A = dim^ A = so(.A). 

We call the measure the Kdenmdki measure. 

The authors were recently informed of the result of Rapaport m and Morris and Shmerkin m- 
By applying the main theorem of Rapaport m, one can extend the bound 5/3 to 3/2 in (II.4p . Morris 
and Shmerkin m proved similar statement to Theorem 11.11 under significantly different conditions 
on the matrices. 

To prove Theorem ll.il we will need a more detailed study of the dimension of invariant measures. 
More precisely, we extend the results of [2] for the natural projections of Gibbs measures. Theorem ll.il 
is studied in higher generality. 

Structure of the paper. After the Preliminaries (Section [2|) we introduce the main technical result 
of the paper, the Ledrappier-Young formula generalised for Gibbs measures (Section [3|). In Section 0] 
we introduce the strong-stable transversality condition (Definition 14.ip and show that under this 
condition there exists a dimension maximizing Gibbs measure (Kaenmaki measure) almost surely. 

In the last section we show Theorem 11.11 as a consequence of the previous studies. 

2. Preliminaries 

Let S = {1,..., be the symbolic space of two side infinite sequences, = {1,..., be 
the set of right side and = {1,..., Y}^ be the set of left side infinite words. Denote the left 

shift operator on S and by a and denote the right shift operator on S and by cr_. Thus, cr 

and cr_ are invertible on S and a~^ = cr_. For any i 6 S (or j e S-) 

[i|m] := {j e S (or j e S±) : 4 = jk for m ^ k ^ n} . 

For an i = (... i_ 2 i-iioR • • •) e Y, denote by i+ = {ioh • • •) the right-hand side and by i_ = 

(... i- 2 i-i) the left-hand side of i. To avoid confusion, we write also i+ if i+ e S+ and i_ if i_ e S . 

For any i+, j+ e B’'' let i+ Aj+ = min {n ^ 0 : in ¥= jn}- We define i_ Aj_ = min {n — 1 ^ 0 : i-n Y j-n} 
similarly. 

Let us denote the set of finite length words by and for every i = 

{h,... in) £ B* denote the reversed word by Y* = {in, ■ ■ ■, ii). Sometimes, we may also write (B”)* 
for finite length words to emphasize the negative indexes. 

If <1> := {fi{x) = AiX + is an iterated function system on with affine mappings such that 

||Aj|| < 1 for i = 1,... , Y, we define the natural projection 7r„ from B~ to A in a natural way 

7r"(... i-2i-i) = lim /j_i o ■ ■ ■ o /i_„(0). (2.1) 

72^00 

Let A := {Ai, A 2 ,..., Aj,}} be a finite set of non-singular 2x2 real matrices. Dehne a map from 
B to ^ in a natural way, i.e. A(i) := Let A("')(i) := A(cr"'~^i) • • • A(i) for i 6 B and n ^ 1. 

Definition 2.1. We say that a set A = of matrices satisfies the dominated splitting if there 

are constants C, fi > 0 such that for every n ^ 1 and every io,..., in-i £ {I, • • • j Y} 

rri {Aig ■ ■ ■ ^ (jA'h 

oi2{AiQ ■ ■ ■ Ai^_f) 

Let C+ := {{x,y) e M^\{(0,0)} : xy ^ 0} be the standard positive cone. A cone is an image of C+ 
under a linear isomorphism and a multicone is a disjoint union of finitely many cones. We say that a 
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multicone M is backward invariant w.r.t. A if Uas^ ^ ^ where M° denotes the interior 

of M. 

For a 2 X 2 matrix A and a subspace 9 of we introduce the notation ||A|0||, which is the norm 
of A restricted to the subspace 6, i.e. ||^|0|| = sup^g^) ||^1 l||/||i!||- Since 6 is one dimensional, we get 
that for any v¥=0e6, ||^|0|| = ||^w||/||li||) which is not true in higher dimension. 

Lemma 2.2 m, MM, US])- The set A of matrices satisfies the dominated splitting then for every 
ie S there are two one-dimensional subspaces e^*(i),e^(i) o/M^ such that 

(1) Ai^e^{\) = e^{ai) for every i e S and j = s,ss, 

(2) there is a constant C > 0 such that for every n ^ 1 and i e S 

C-^||4l(”)(i)|e*(i)|| ^ ^ C||4l(”)(i)|e"(i)|| and 

(3) there is a backward-invariant multicone M that 

00 00 

e^(i)= n ande-(i)= f] W’ 

n=l n=l 

where denotes the closure of the complement of M. 

(4-) The angle between e®(i),e®^(i) is uniformly bounded below. 

We call the family of sub spaces e®(i) stable directions and e^®(i) strong stable directions. 

Let us observe that e^(i) depends only on i„ and e®^(i+) depends only on i+, so can be con¬ 
sidered as a natural projection from to P^, where denotes the projective space. In particular, 
||^^"'^(i)|e®(i)|| and ||^^”^(i)|e^®(i)|| describe the local growth in the stable/strong stable directions, 
and can be considered as hnite time approximations of the corresponding Lyapunov exponent. 

For x,y denote by ^{x,y) the usual metric on P^, that is the angle between the subspaces 
corresponding to x and y. Thus, Lemma l2.2ip|l can be formalized as follows, there exists a constant 
C > 0 such that for every i_ e and j+ £ ■^(e^^(j+), e^(i_)) > C. In the later analysis, the 

dimension of strong stable directions in P^ plays an important role. 

For any u, u; e denote by Area(u, w) the area of parallelogram formed by y, w. 

Lemma 2.3. For every x,y e P^ 


Area(v,w) , , 2Aicea(v,w) 


u u; 


u re 


where u, rw e are arbitrary non-zero vectors from the subspaces corresponding to x and y. 


The proof of the lemma is straightforward. 


Lemma 2.4. There exists a constant C > 0 such that for every i, j e S 


where (5 is the domination exponent in Definition \2.1[ Thus, the maps i+ e i—> e^^(i+) and 

i_ e log ||Aj_Je^(cr_i_.)|| are Holder continuous. 
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Proof. We prove only the inequality for for the argument is similar. Fix i, j e S with i+ Aj+ = n. 
Let V e e®^(cj”i+) and w e e®^(cj”j+) be arbitrary such that ||u|| = ||iu|| = 1. Then by Lemma 12.31 




Area(A- ^ ■ A- ^ v, A- ^ ■ A- ^ w) 

\ 10 *Tl-l—’ *0 *Tl-l '' 


IIA”' • • • • AA'_Je-(cT-j+ 


< 


2(7" 


II A' ^ ■ A- ^ p 

I *0 Jn -1 " 


-Area(u,u;) ^ 2(7^-^”. 


□ 


Let if : Tj M be a Holder continuous potential function. Then there exist a constants (7 > 
0, P e M and iT_-invariant Borel probability measures and ^ on and S such that 


c-^ ^ 


c-^ ^ 


e-^P+T.Z^oV’i^-^-) 


^ C, for every i_ e S 


^ (7, for every i e S. 


( 2 . 2 ) 


(2.3) 


We call the measures /i_ and fx the Gibbs measures of the potential (p on and S. Moreover, 
fj,- and p, are ergodic, see O Chapter 1]. Let i' = where 7r“ is defined in ()2.ip . Let us 

denote the projection from S to S’*" by p+ : S and similarly, the projection from S to by 

p_ : S 1 -^ S“. It is easy to see that (j)-)^n = fi-. 

Lemma 2.5. The measure /i+ := {p+)^pL is a-invariant, ergodic quasi-Bernoulli measure on with 
entropy h^^ = h^ = h^_ = P - [ p{i)dp{i). 

We call a measure m on quasi-Bernoulli, if there exists a uniform contant (7 > 0 such that for 
every z, j e E* 

(7“A([z])u([j]) ^ u([^]) ^ (7u([z])u([j]), 

where Tj is the concatenation of i and j. 


Proof. First, we prove invariance. Let A c E+ be measurable set. Then by using that p is cr-invariant 
we get 

p+{a~^A) = p+ ^(J iA^ = p ^E” X (J iA^ = p{T~ x A) = p+{A). 

Let A c E'*' be an arbitrary cr-invariant subset of E+. Then cj~^E~ x ^ = S- X (ut, iA) . 

E“ X a~^A = E“ X A. Therefore, p{T~ x A) = 0 or 1, which implies the ergodicity of p+. 

Finally, let (zq, ■ ■ ■ ,in+m+i) ^ (E"*")* be arbitrary and let j e E“ be such that j_i = in+m+ii • • •, 
i_(n+m+2) = *0- Then by ([23]) 

/^+ ( [*0) • • • ) A+m+l] ) “ /^(^ ^ [*0 1 ■ ■ ■ 1 A+m+l] ) “ 

MUi:7„«,]) < ca(»+-+. 

^g-(n + l)P + 2Lo^A-j)e“("^ + + ^ 

C'A([j|:J„+i)])li([o--’^^j|lJ^+i)]) = C^p{T- X [io,...,in])p{T.- X [i^+i,... ,in+m+l]) = 

^ /^+([^0) • • • ) A])h'+([A+1) • • • ) in+m+lf) ■ 
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The inequality /z+([to,..., in+m+i]) ^ C ^^+([zo, • • •, in])/i+([wi, • • •, Wm+i]) can be proven 
similarly. By using the definition of entropy, see [181 Theorem 4.10, Theorem 4.18], 

h^i+ = lim -- V //+([z])log/r+([z]) ^ P - lim - V /i+([^])(/?(Tj) = 

n^cc Tl n^cc fl 

P- lim i f 

n—yco n I 

□ 


By Oseledec’s multiplicative ergodic theorem, there are constants 0 < ^ that 

lim - - log ax {Ai^ ■ ■ ■ = y® and 

n^oo n ^ 

lim --loga 2 (^io ■ ■ ■ A^A = x1! /U-a.e. i e B ( or /i+-a.e i+ e B+). 

n^oD n ^ 

We call the values y® the stable and the strong stable Lyapunov exponent of /r. We define the 
Lyapunov exponents for similarly. 

Now we define the Holder continuous potential function and the corresponding Gibbs measure mo¬ 
tivated by the singular value function. This measure is our candidate to be the dimension maximizing 
measure. 


Definition 2.6. Let A = {Ai,A 2 , ■ ■ ■, A]\f} be a finite set of contracting, non-singular 2x2 matrices 
such that A satisfies the dominated splitting. Moreover, let sq = so(“4.) be the unique root of the 
subadditive pressure (ILZD. We define ip : T, be Holder continuous potential function as follows. 




log z/O^so^l, 

log (I detHi„J*0“i||Hj_Je®(cj_i_)p“^o) z/1 < sq < 2. 


(2.4) 


Then we call the Gibbs measure with potential p the Kaenmaki measure on B .In particular, 
there exists a constant C > 0 such that 


c-^ ^ 


0“(A_.'"A-J 


^ C, for every i_ 6 B , 


where 4>^ is the singular value function dni). 


Observe that exp(^^^Q (/j(fj”i_)) is essentially 4>^°{Ai_^ (defined in (11.11) 1. where sq is 

the unique root of the subadditive pressure function (11.21) . That is by Lemma 12.21 if sq ^ 1 then 
for every n ^ 1, (j)^°{Ai^.^ ■ ■ ■ Ai_J ^ \\Ai_,^ ■ ■ ■ Hi_„|e^((T!!i_)fo = exp(XifcIo On the other 

hand, if 1 < sq < 2 then 


= ax{A_, • • • A_Ja2{iA_, ■ ■ ■ = 

{ax{A_, • • • A_Ja2{{Ax^, ■ ■ ■ ax{A^, ■ ■ ■ ^ 

n—1 

det(H,_, ... ... H,_Je^(a!!i_)p-o = exp(2 V^(^”i-)). 

k^O 

The Holder continuity of potential p in (|2.4I) follows by Lemma[231 Basically, the dominated splitting 
condition (Dehnition 12.11) allows us to show that the potential p is Holder, hence the measure is 
Gibbs. Without dominated splitting the map i log ||Hj_^|e^((T_i)|| is in general only measureable 
(by Oseledec Theorem). 
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3. Ledrappier-Young formula for Gibbs measures 

In this section, we extend the result [21 Theorem 2.7] for Gibbs-measures. For every 0 e we 
denote the orthogonal projection in the direction of 9 by projg. Let us define the transversal measure 
for every 1+ e by = u o (projgss^;^))”^. That is, denotes the orthogonal projection of the 
measure v along the line e*^(i+). 

Theorem 3.1. Let A = {Ai,A 2 , ■ ■ ■, A]\[} be a finite set of contracting, non-singular 2x2 matrices, 
and let <1> = {fi{x) = AiX-\- be an iterated function system on the plane with affine mappings. 

Let p- be a right-shift invariant and ergodic Gibbs measure on defined in and p = (tt 

be the push-down measure of p-. If 

(1) A satisfies the dominated splitting, 

(2) $ satisfies the strong separation condition 

then V is exact dimensional and 

dimji/ u = — + ( 1 — ) dim// for pj^-almost every e S’*'. 

A/i \ A^ / 

During the proof of Theorem 13.11 we follow the proof of [21 Theorem 2.7]. The proof of [21 The¬ 
orem 2.7] is decomposed into four propositions [21 Proposition 3.1, Proposition 3.3, Proposition 3.8 
and Proposition 3.9]. However, [21 Proposition 3.1] and [21 Proposition 3.9] hold for general ergodic 
measures. On the other hand, [21 Proposition 3.8] follows from [21 Proposition 3.3] exactly in the 
same way for Gibbs measures as for Bernoulli measures. So, we extend in the rest of the section [21 
Proposition 3.3] for Gibbs measures. 

Let F be the dynamical system defined in [21 Section 3] acting on O x Namely, 

F{x,i) := (/jo(x),cri), 

where O is an open and bounded set such that 

N 

J ffiO) e o and MO) n ffiO) = 0 for z ^ j. 

Since F is a hyperbolic map acting O x S'*", its unique non-empty and compact F-invariant set 
is ^ ^ X ■ It is easy to see that F is conjugate to cr by the projection 

vr : S t—> A X where 7r(i) := (7r“(i_), i+). That is, vr o cr = F o vr. Denote the measure vr*// by V. 
Then 9 is F-invariant ergodic measure. 

Since depends only on i+, it defines a foliation on O for every i+ e S'*". Hence, it defines 
a foliation 0^ on A x S’*". Namely, for a y = (x,i+) e A x S'*" let Issiy) be the line through x 
parallel to ess(i+) on x {i+}. Let the partition element 0^(y) be the intersection of the line 
Issiy) with A X {i+}. Denote by F0^ the image of the partition 0^ under F, i.e. for every y, 
(F0^)(y) = F(0^(F“-*(y))). It is easy to see that F0^ is a refinement of 0^, that is, for every y, 
(i?0^)(y) c 0^(y). 

We decompose the measure P on A x S'*'according to two different partitions. First, we construct 
a family of measures supported on A. More precisely, supported on A x {i+j for p+-Si.e. i+. So, 
applying Rokhlin’s Theorem [15], for p+-a,.e. i+ e there exists a uniquely defined system of 
conditional measures pi^ up to a set of zero measure, supported on x {i+} and 

P(A = J hi+M)dp+ih)- 


BALAZS BARANY AND MICHAL RAMS 


By defining := (vr we get 

V = j Ui^d^x+{i+). 

In the focus of our study stand the geometric measure theoretical properties of the family of measures 
along the strong stable directions. Therefore, first we define the transversal measure, i.e. for /r+- 
a.e. i+ G let VT be the orthogonal projection of along the subspace e®^(i+). That is. 



(proje-(i+))H=Pi+. 


On the other hand, we need the conditional measures of Pi_|_ along the subspace e^*(i+). Applying 
Rokhlin’s Theorem m again, there exists a canonical system of conditional measnres, i.e. for P-a.e. 
y G A X there exists a measure Py^ supported on such that the measures are uniquely 

defined up to a zero measure set of y and for every measurable set A the function y Py®(A) is 
measurable. Moreover, 

P(A) = J 9^{A)d9{y). (3.1) 


By the uniqueness of the conditional measures, we get that the measure P®^ is conditional measure 
of Pi_^, namely, 

i^)dP(^(x) for /r+-a.e. i+ G S'*'. 



Let us define the conditional entropy of with respect to in the usual way. 


iL(Fnr) := - JlogP-((Fr)(y))d^?(y)• 

One of the main goals of this paper is to show that there is a dimension maximizing Gibbs measure 
for self-afRne sets. However, our method allows us only to handle the dimension of the conditional 
measures . The next lemma is devoted to show that /ii^ is not necessarily equal to but equivalent 
with a Gibbs measure on 


Lemma 3.2. There exists a constant C > 0 such that C~^^- x ^ /r ^ C/i- x In particular, 

C~^P- ^ ^ Cp- for p+-a.e. i+ G (3.2) 

Proof. It is enough to show that there exists a C > 0 such that for every i G S and n,m ^ 0 

C-V4[i|:^])p+([i|n) ^ ^ C/r_([i|l^])p+([i|n)- 

Indeed, every set A in the cr-algebra can be approximated by cylinder sets. By the definition of Gibbs 
measure p 


c^._([i|:i])M([iin) = 


= CV([i|l^])p+([i|^]). 


The other inequality can be proven similarly. The relation (13.2p follows by the fact that the conditional 
measures are uniquely defined np to a set of zero measnre. □ 


By Lemma [3.2l the measnres Pi^ and are equivalent for p+-a.e. i+ g S"*". Similarly, the measures 
Pj^ and are equivalent for p^-a.e. i+ G 
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For the examination of the local dimension of the projected measure, instead of looking at balls on 
lines we introduce the transversal stable balls associated to the projection. Let B^{x, i) be transversal 
stable ball with radius r, i.e 

= {(y,j) : i = j & dist{lss{x,i),lss{y,j)) ^ 2r} , 

where lss{x,i) denotes the line through x parallel to e^sCi)- Here, dist(.,.) is the usual Euclidean 
distance between parallel lines. 

For technical reasons, we also have to introduce the modified transversal stable ball. Since the 
IFS <h satisfies the SSC, for an y = (x, i) e A x we can define the stable direction es(y) of y by 
e<j(y) := es{x) := es(i_), where 7r_(i_) = x. Denote diste,(y) the natural Euclidean distance on the 
subspace e<j(y). 

Then for an (x, i) G A x S'*', we define the modified transversal stable ball with radius 6 by 

Bj{x,i) = {(y,j) G A X S+ : i = j & diste^(^^,i){lss{x,i),lss{y,3)) ^ 5} , 

where diste^( 3 ,_i)(/ss(®, i), lss{y,j)) means the distance of the intersections of the lines lss{x, i), lss{y,j) 
with the subspace es{x, i) with respect to the distance diste^(a;,i)- Since there exists a constant a > 0 
such that 

-^(es(i-), ess(i+)) ^ a > 0, for every i_ G and i+ G S'*', 
there exists a constant c > 0 that for every y G A x S"^ and r > 0 

Hj-v(x,i) c Bl{x,i) c H^(x,i). (3.3) 

We are going to prove the following proposition. 


Proposition 3.3. For fi+-a.e. i+ G S'*' the measure is exact dimensional and 


dim^ = 




xt 


In particular, 


lim 
r—>0+ 




ford-a.e. (x, i+). 


logr X* 

Let V be the natural partition, i.e. V = {/i(A) x S'*'}^^. Denote the fcth refinement of V by V\, 
i.e. for every y G AxS'*', Pf(y) = (y) = V{y)nF{V{F-^{y)))n- ■ ■ 

In other words, Vi is the standard partition into A:-level cylinders. 

Let us define almost everywhere the measurable functions gk{y) '■= (y)) and 

. ^i+(^J(y) ^^i'(y)) 

ys,k['y j • ^ (uTt 

By definition, gs,k{'y) is the 6 approximation of the measure of 'Pf(y) according to the conditional 
measure. By Rokhlin’s Theorem, gs^k ^ fffc as 5 ^ 0+ for D almost everywhere and, since 0 ^ gs,k ^ 
m implies gs^k —>■ gk in -h^(u) as 5 ^ 0+. 

Lemma 3.4. The function sup^^Q {—logf^^^fc} is in L^{9) for every k ^ 1. 


The proof of Lemma 13.41 coincides with [21 Lemma 3.6]. 


Lemma 3.5. For every x = vr (i_i, z_2,... ) G A, i+ G S'*', <5 > 0 and k ^ 1 

(BF(F-'=(y)) X nFf(y)) x E+, 

where y = (x, i+). 






10 


BALAZS BARANY AND MICHAL RAMS 


By using the fact that v = (tt )=,=//_ = (tt we have 

HbJ (y)r^Vt)-v (bJ (y) r, P* x E+) = 

(sRy) nPf X S+)) = [‘-<=.-"B-l]) . 

where in the last equation we used Lemma 13.51 By Lemma 13.21 
zy(Bj(y) nPf(y)) = ^ (^fA,_^...A,_Je.(F-^(y))||-i5(^"^(y)) X ^ 

(^liAi_^-Ai_^|es(F~'=(y))||-i5(-^ ^(z))) /^+([^-A:> • • • ) *-l])) (3-4) 


and 


i/(Bf(y) nL>f(y)) ^ C (^fA,_^...A,_,|e.(F-^(y))lhi 5 (^ ''(y)))/i+([i_fc,...,i-i]) 
for every (i > 0, fc ^ 1, and y e A x 


(3.5) 


Proof of Proposition 1, 9. ,91 By the definition of the transversal measure, the statement of the propos¬ 
ition is equivalent to 

logi^(B*(x,i+)) _ 


lim 

5^0+ 


log 6 


XI 


for n X //+-a.e (x, i+). 


Hence, by and by Lemma 12.21 it is enough to show that if y = (x, i+) e Ax with 

X = 7 r_(i_i,z_ 2 ,...), 


lim 

p—*^CC 


log"' I sL.-A.^j..(F-..(y))|W 


K - B(F{"I£") 


logai(^i_i ■ 

By Oseledec’s Theorem, we have 

1 


XI 


for v X p^-a.e y. 


p^co p 

By applying (|3.4p . (13.5p and Lemma [321 

ix ( bT 


lim - log ai(Aj_i ■ ■ ■ Ai_^^) = -fcy® for /i_-a.e i_. 


(3.6) 


|e.(F-pHy))AZ. 


-pk 


-{I- 



1=1 


u 




< 


CPviBl'^- 


(B-p*))n. 

1^1 


bT, 








< 


C^Pu (^Bf (F-P^)) 




^ F*^(F-(^-l)fc(y) 

A*+([*—(Z—i)fc— 1 ) ■■•)*- 



z=i 




Zfc]) 
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Similarly, 

v(Bi 


C-^Pv {b1 (F-p^)) • 


:> 




n 

1=1 


(l-l)k 


-l"'^'‘-pk I®' 


,(F-P'c(y))||(^ f^+{[i-il-l)k-l,---,i-lk]) 


By taking logarithm and dividing by p we get 

p 


(F-p.(y))||(i"-('-')'=(y)) n Ff(F-('-i)fc(y) 


ilogu(Bf(F '''(y)) + 

1 ^ If 

- Yi ^ogp+{[i-(i-i)k-i, ■ ■ ■,i-ik]) ^ -logu (^B 


T 

Ai_^-Ai_^^\es{F-PHy))\\ 


and 




1 


^ ^ log u ( {F-P ^)) + 3 log C- 


^\\Ai_,-Ai_^^\es{F~vHy))\\ 

1 P P 

^ 1=1 ^ 1=1 
By Lemma l3.4[ we may apply the result of Maker’s Ergodic Theorem [121 Theorem 1], so we get 

i™ = - Jlog5fc(y)du(y) = kH{Fe''\e^) 


p—fOD ~ ~ «=i-lk-l"'Ai-pk\'^B 


for P-a.e. y. Applying Birkhoff’s ergodic theorem and (I3.6|) we get 
-3logC - /r+(H)log/i+(H) 


kx 


^ dyT (x) ^ d^T (x) ^ 


31ogC - fcF(Fr ir) - /r+(H) log//+([*]) 


kx 


for P-a.e. y and every k ^ 1. 


By taking the limit A: —> oo, we get that 


d„T ix) = d„T [x] = — - for u-a.e. y. 

'+ ‘+ Xf, 

Since D is equivalent to u x //+, the statement follows. □ 

Proof of Theorem \3.1[ Since the proofs of [21 [Proposition 3.1, Proposition 3.8 and Proposition 3.9] 
do not use that the examined measure is Bernoulli, one can modify them to show that for P-a.e. 
y G A X E'*' the measure Vy^ is exact dimensional and 


dim^ Uy = 


Xl 


Moreover, 


, . pKiBM)) ^ H{Fe^\e^) , V-F(Feir), ^ ^ 

hmmf —^ - 1 — -:- tor u-a.e. (x, i+) 


logr 


XI 


XI 
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and by using that v = {p-)^d 

,, _ ^{Br{x)) 

lim sup \ “r 

r^oo logr Xfi 

Since the measure is equivalent to for /i+-a.e. i+, the statement follows by Proposition 13.31 □ 

As a corollary of Theorem 13.11 we are able to give two conditions which ensure that the dimension 
of a Gibbs measure is equal to its Lyapunov dimension. The second part of condition (Hull in the next 
theorem appears in [9], as well, for the Gibbs measure generated by the subadditive pressure. 

Theorem 3.6. Let A = be a family of 2x2 real non-singular matrices and = {AkX + 

he an IFS of affinities on the plane. Moreover, let /i_ be a a--invariant ergodic Gibbs measures on 
T,~, let /i be its unique extension to S and let /i+ be the quasi-Bernoulli measure defined in Lem,ma \2.,5[ 
Assume that 

(i) the IFS $ satisfies the strong separation condition, 

(ii) A satisfies dominated splitting condition 

(in) either dim//(e^^)H=/i+ ^ min {1, dimLyap/i-} or dim//(e^^)=f^+ + dim//(7r“)=H^_ > 2 
Then ^ 

dimH(vr-),/i = min 1^, 1 + | . 

By Theorem 13.11 the proof is similar to the proofs of [21 Theorem 2.8 and Theorem 2.9]. 


for z^-a.e. x. 


4. Dimension of Gibbs measures and transversality condition of strong stable 

DIRECTIONS 


In this section and the rest of the paper, we are going to study the dimension of Gibbs measures. 
To be able to calculate the dimension of Gibbs measure, we have to handle the dimension of strong 
stable directions, see (|m|) of Theorem 13.61 In the case, when the matrices satisfies the backward non¬ 
overlapping condition, i.e. there exists a backward invariant multicone M such that Af^{M°) ^ M° 
and A~^{M°) n A~^{M°) = 0 for every i j, it is possible to calculate the dimension of strong 
stable directions. Namely, by [21 Lemma 4.2], for every a-invariant ergodic measure /r on S'*' 




Xt 


XI 


where h^ denotes the entropy of /i. 

In general a set of matrices does not satisfy this phenomena. In this section we introduce a 
condition, which makes us able to handle the problem of overlaps. Namely, we consider a parametrized 
family of matrices ^(A) with the corresponding map of stable- and strong stable directions and 

pSS 


Definition 4.1. Let [/ <= 6e open and bounded. We say that a parametrized family of matrices 
./1(A) = {Aj(A)}^^ satisfies the strong-stable transversality on U if 

• the parametrisation A Aj(A) is continuous for every i = 1,... ,N on an open neighbourhood 
ofU 

• for every XeU the set ^(A) satisfies the dominated splitting 

• there exists a constant C > 0 that for every i,j G with zq ¥= jo 

Cd{\eU : ^(el^(i),el^(j)) < r} ^ Cr for every r > 0. 


The definition of strong-stable transversality is a natural generalisation of the transversality con¬ 
dition for iterated function systems, see [Ml (2.9)]. 
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Theorem 4.2. Let [/ c 6e an open and bounded set and let ^(A) = be a parametrized 

family of 2 x 2 real matrices and 4>(A) = {Ak{\)x + ti^{X)}^^^ be a parametrized family affine IFSs 
on the real plane such that 

(i) for every \ e U the IFS $(A) satisfies the strong separation condition, 

(ii) ^(A) satisfies the strong-stable transversality on U. 

Let be a parametrized family of a--invariant ergodic Gibbs measures on such that the 

family of the corresponding Holder continuous potential functions {4>\}xeu uniformly continuously 
parametrized, moreover. 


(in) either 
Then 


h 






^ min < 1, 


h 


ux 




h 


or 


MA 


h 


ux 


dimH{TTx)*T\ = min |- 


h 


ux 




x^aW-x^JA) 

Va -X^;,(A) 




> 2 


for Cd-a.e. \ e U. 


XtxW xZW 

The proof of Theorem 14.21 is based on the combination of Theorem 13.61 and the following theorem. 

Theorem 4.3. Let U be an open and bounded set and let .4.(A) = {^^(A)}^^ be a parametrized 
family of 2x2 real matrices such that .A(A) satisfies the strong-stable transversality on U. Moreover, 
let {T\}xeU ® family of a-invariant quasi-Bernoulli ergodic measures on such that A is 

continuous and for every Xq e U and e > 0 there exists a 5 = 6{e, Aq) > 0 that for every i e S, every 
n ^ 1 and every ||A — Ao|| <6 


Then 


dim/;-(el^),=/rA = min 


„—£n ^ hA([i|o ]) ^ eri 

^ " hAo([iir'])" 

hi. 


(4.1) 


mx 


, 1 )■ for Cd-a.e XeLf. 


.X^l(A)-X^JA)^ 

The proof uses the standard transversality method but for completeness we present it here. First, 
we give an upper bound for the dimension. 

Lemma 4.4. Let A = be a set of matrices satisfying the dominated splitting and let : 

E+ 1 -^ be the map to strong-stable directions. Then for every a-invariant ergodic measure fi on 

dimH(e^*).Hh ^ min 11, 

I V** — V* 

V. A.fi 

Proof of Lemma \4.4\ For any x e let := {y e : ^{x,y) < r}. It is enough to show that 

hi. 


r^ 0 + log r 


for fi-a.e. i e 


X cja — -ya 
fi A. fib 

By Lemma 12.31 and Lemma 1 2.2 Ip]) , if i, j e that i^ = jk for k = 0,... ,n 




AieaiA- ^ ■ A- ^v, A- ^ 

V 20 l-n —’ 2n 




' AT^w) 


I 20 


< c- 


det(A^^--AA')l 


in I A ' II II 20 ^ II 20 1^ 


where v_ e and w_ e such that ||u|| = ||u;|| = 1. Let n(r, i) 6 N be the smallest 

number such that 


|det(A^o^---AA)l 


II 4-1 ... 4-L12 

11^*0 II 


< c 
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Hence, ^ Therefore, 


log(e-),/i(H,^(e-(i))) 






log r ' log C + log I det(H./ • • • J| - 2 log ||H./ ■ ■ ■ 

By ergodicity and Lemma l2.2l|2]l . 

lim --log/i([i|[J]) = hf, 

n—i^co n 


1 


lim ——log I det(H. ^ ■■■ A ^ 


,ss ^ ,s 


n^cc n 
1 


^0 


^n — 1 ^ 


\u Xl 


lini - log IIH II = Xu for /x-a.e. i G E+. 


n^oo n 


Putting these limits into (14.2p completes the proof. 


(4.2) 


□ 


Lemma 4.5. Let U a he open and bounded and let A{\) = he a parametrized family of 

matrices such that the map A ^j(A) is continuous for any i = 1,..., m an open neighbourhood of 
U, and .A(A) satisfies the dominated splitting on U. Then the map A e^*(i) is uniformly continuous 
for every i G S'*". That is, for every Xq e U and every e > 0 there exists a 5 = 5(Ao,e) > 0 that 

||A - Aoll < 5 ^ ^(e^*(i),e^^g(i)) < e for every i G S+. 


Proof. Let Xq e U and e > 0 be arbitrary but fixed. Let M be the backward invariant multicone of 
.4,(Ao). By definition of backward invariant multicone, there exists a 5' = 5 '{Xq) > 0 that for every 
A with II A — AqII < (5^ M is a backward invariant multicone for .4,(A). Hence, the angles between the 
directions of the dominated splitting are uniformly bounded from below. Thus, by Lemma I2.2tl^ 
and Lemma El there exists a constant C = C'(Ao) > 0 that for every for every, m ^ 0 integer we 
have 


4:(A-'(Ao) • • • A-J(Ao)er„(a-+M),H-;(Ao) • • • H-J(Ao)er(a™+M)) + 
4 :(A-/(Ao) • • • H-VAo)er(a-+M),H-VA) • • • H-J(A)er^ 


C'(Ao )"2 




^{ei^{a^^H),eZ{a^^H)) + 


IIA. (Ao)---A.(Ao) 


'■*0 

|Hr^(A)--.H-J(A)n,xH-;(Ao) • • • H-J(Ao)n,| + |A“'(A) • • • A;^{X)u, x Hr;(Ao) • • • A-J(Ao)M 3 - 


||H,„(A)...H,^(A)||-i||H,„(Ao)---H,^(Ao)|| 


-1 


where n^, U 2 is the standard basis of Since .4(A) satisfies the dominated splitting on U, there 
exists an integer m = m(Ao) > 0 that 

^2o ldet(4-'(Ao)---4rJ(Ao))| 1 

" IIA.'(Ao)^-a 4 Ao)F 2 ’ 

for every io,..., e { 1 ,.. .,N}. Let /(A, Aq) := supigs+ ^(el* (i), e^^^(i)), then 


/(A, Aq) ^ 2 max 

^0 5 • 


lA-o^(A) • • • A-^{X)u, X 4-;(Ao) • • • 4r^(Ao)«. 
||4,„(A) • • • 4,^(A)|hi||4,„(Ao) • • • 4,^(Ao)||-i 


A-^(A) • • • A-HX)u, X 4r;(Ao) • • • 4-^(Ao)u3- 


4,„(A)...4i^(A)||-i||4,„(Ao)---4,^(Ao)| 


-1 
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Since the maps A ^i(A) are continuous, there exists a, 5 = 5(Ao,e) > 0 that the right hand side is 
less that e > 0 for every A with ||A — Ao|| < 5. □ 


Lemma 4.6. Let U c he open and bounded and let {hi-\}xeu ® family of a-invariant quasi- 
Bernoulli ergodic measures on that (BU) holds. Then the map X ^ is continuous in weak*- 
topology. Moreover, if A{X) = is a parametrized family of matrices that the map A 

Aj(A) is continuous for any i = 1,..., m an open neighbourhood of U, and for every X e U the set 

.4,(A) satisfies the dominated splitting then the maps X ('^) X ('^) continuous. 


Proof. To prove the first assertion of the lemma it is enough to show that for every O T,^ open 
set and every Xq e U 

liminf//A(0) ^ MAo(O)- (4-3) 

Ah-^Ao 

Since the cylinder sets form a base of open sets we get O = Since for every cylinder 

without loss of generality we may write O = U*=i[ifclcr*']- other 

hand, for every pair of cylinder sets of the form [ifclo^*"] either they are disjoint or one contains the 
other, thus, we may assume that [ifclo^*’] [i;|™'] = 0 if k ¥= 1. Hence, 

TXoiO) = lini V /rAo([i]). 

\i\=n 

HlEO 


Therefore, by for every n ^ 1 

liminf^A(O) ^ hminf ^ Hx{[i]) = /^Ao([i])- 

° “ lil=n |i|=n 

[i]EO [i]50 


Since n ^ 1 was arbitrary we get (BSl). 

To prove the second assertion, by Lemma l2.2l| 2]l and multiplicative ergodic theorem 

KIW = Jlog \\A-^X)\e$f{ai)\\dnx{i) and x'flW + = Jlog | det(H-i(A))|(i/iA(i). 

By Lemma 14.51 the map A log ||H~^(A)|e^®((Ti)|| is continuous, thus by the weak*-continuity of 
A 1 -^ px, the map A Is continuous. The continuity of A ^ follows by the continuity 

of X^ px, X^ xtf^W and A ^ log | det(H“^(A))|. □ 


Proposition 4.7. Assume that the assumptions of Theorem f.3 hold. 
e > 0 there exists a (5 > 0 such that 


Then for every Xq e U and 


d\mH{ex)^Px ^ min 


1 , 


_ 


£ for Cd-a.e. X e ^^(Ao). 


Before we prove Proposition 14.71 we prove that for every X e U the map i (i) is Holder 

continuous. 


Lemma 4.8. For every Xq e U there exists a 5 = 5(Ao) > 0 and for every r > 0 there exists a 
positive integer N = A^(Ao,r) that for every X e U with ||A — Ao|| < 6 and for every i,j e with 
io ^ jo 

I{«(4‘(i),4*(j)) < a S I{«(A‘(i|o'T),4‘(j|o'T)) < 2r) , 

where 1 = (1,1,...) e andl denotes the indicator function. Precisely, iV(Ao,r) = +c(Ao)], 

where /3(Ao) is the domination exponent in Definition \2.1\ and c(Ao) is some constant depending only 
on Aq. 
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Proof. Fix Aq £ U. Then by Lemma 12.31 for every N and every i, j £ with zq ¥= jo 

l^(er(i),er(j)) - ^(er(i|o^T),er(j|^T))| ^ ^(er(i),er(i|^T)) + (j), (j|^T)) ^ 

I det(Al-/(A) • • • (A))| ^.ssr^N+i, 


^7o w • • • ^77W • • • A-:WKi^)\ 


^(erK+M),er(l)) + 


JN 


JO 


JN 


det{A-;{X)---Aj^{X))\ 


3N ' 




ITo (^) ■ ■ ■ A)IA‘K«j)IIIIAi (^)■ ■ ■ >i7AA)|e5f(i) 

Since A Ai{X) is continuous, by Lemma |131 there exists a 6 = (5(Ao) > 0 that 


det(A-VA)...AT7(A))| 


11^7^ W • • • A-^W\e$:i^^^^m\\Al\X) ... A-7(A)|eini) 

In I—v*jo 


< 


■JO vv JJWW^jo 

^(M^r I det(A77(^o) • • ■ 


e 2 


II^7oHAo) • • • ^-;(Ao)|e-(aA^+ij)||M-HAo) • • • A-;(Ao)|e-(T)| 
for every j e S'*". Thus, by Lemma I2.2li2]l 


l«(4*(i).4‘(j))-«(A‘(i|o'l).4‘(j|o'l))l < 2«^«C(A„)-^ mtuc 

JO 


det(A.^^(Ao)---24-^H'^o))|| 

iiax -i-i- > 

’-’J-l I| 24 ~/(Ao)---A-^HAo)P J 


By Definition 12.1[ there exists an iV = iV(Ao, r) that the right hand side of the inequality is less than 
r, thus the statement follows. □ 

Proof of Proposition fj-A Let Aq £ C/ and £ > 0 be arbitrary but fixed. Let 6 = 5(Ao,£) > 0 be 
chosen according to Lemma 14.51 Lemma 14.81 and (|4.ip . By Shannon-McMillan-Breiman Theorem 
and (HU), for every A £ B^PAq) 

L/ 2 An “ ^ ^ liminf--log/JA([i|7"P) ^ Lmsup--log/JA([i|7"^]) ^ Vao + ^ /^A-a.e. i £ S+. 

0 n^oo n " n->-oo n ° 

Moreover, by ergodic theorem and weak*-continuity oi X ^ ^x 


1 


+ 4xo (^o) - £ ^ - log I det(kl.^ (A) • • ■ A^^_^ (A)) I ^ (Aq) + (Aq) + e, 


(Ao) - e ^ Jhn - log HA-/(A) • • • Aj_pA)|e7*(a-i)|| ^ (Aq) + £ 

for fix-a.e. i £ S^. By Egorov’s theorem for every A e Bs{Xo) there exists a set Da £ S'*' that 
fi{^x) > 1 — £ and there exist a constant C'(A) > 1 that for every i £ and every n, m ^ 1 

c(A)-VA([ii7-p)/iA(Kiir']) ^ ^ c(A)^A([ii7-p)fiA(Kiir']) 

and for every i £ D;^ and every n ^ 1 

^ liA([i|7“P) ^ C'(A)e“”^'*''^o-2"\ (4.4) 

" \\A-:W---A-\(XW ^ ^ ^ 


(4.5) 

By Lusin’s theorem for every £' > 0 there exists a set JsiXo) c ^^(Ao) that Cd{Bs{Xo)/Js{Xo)) < e' 
and there exists a C > 1 that C(A) ^ C for every A £ Js{Xo). Denote the measure fix ■= fJ'lnx 
for a hnite length word k = (ko, ■ ■ ■, ^n-i) denote the set 

■= {(i, j) £ s+ ; Zm = jm = fern for m = 0 ,..., n - 1 and z„ 7 ^ jn} ■ 
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Then for every s > 0 by Lemma 14.51 the continuity of A ^i(A) and (|4.5p 


X : = 


:= f ff ^(el^(i)),er(j))-dpiA(i)d^A(j)hA = 
Jj^{Xq) J J 

J JMAnW J 


< 


00 ^ f* f* 

n=Ofc=n‘^“'5i-'o) -J-J 


1=0 k=n '^Js(.>^o) 

det(^fcg^(A)---Afc^^_^(A))r 


^(el^(cr"i)),e5f(cr”j)) ^dp,xii)d'ilx(i)dX ^ 


2|l4-;(A)---^,-i,(A)P 

V y r rr ^^el%a^i)),el^{a^j))-^dMi)dMi)dX. 


n=0 k=n'^ 

By Lemma 14.81 for any k with \k\ = n 
d^k ■ = 




:= f ff ^{ei%a-i)),ei%a-i))-^dMmMi)d\ ^ 

Jj5{\o) JJ 

^_fc 

E 2 <“+>i*£ ^ JJn|«{4'(ff“i).4*Kj)) < ^]diix(i)dMi)dx *: 

^ ^ Sfc 

^0 Jj^(Ao)JJ i 2 J 

2 2 (”+‘)* Y. f ff i{*( 4 *(iT). 4 '(iT)) 

m=0 UI=A('An.mW'^'5('^o)r, .A r, .n '' 


|Al=IV(Ao,m) J '-' 


< ^ \ dp,x{i)dp.x{3)d\ 


(4.6) 


By applying (14.4|) . the quasi-Bernoulli property of fixo, (14.11) and the continuity of A 
\j (A ^ ^|^A([M])/^A([Mi])dA ^ 

(ag J,(Ao) : (/T)) < A) . 

Hence, by (|4.6p and the strong-stable transversality 

CO ^ 

4«cVA„([a) E E = 

m=0 |i|=Af(Ao,m) 

|ft|=A''(Ao,m) 

00 

m=0 
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Since iV(Ao, m)/log2 ^ + c(Ao) 

00 4 


n=0 


m=0 


-lie 


Hence, by choosing s < min ^ i3i\o) ’ x‘’°(Ao)°-x° (-^o) right hand side of the inequality is finite. 

By Frostman’s Lemma [3 Theorem 4.13], 

5 


dim//(el'*),H^A ^ min ^ 1 - e 


/i^Ao - lie 


'/3(Ao)’xr(Ao)-X^(Ao)} 


for Cd-a.e. A e Js{Xo). 


But for every A e Bs{Xo), ^ dimH(e^^)=H/rA, moreover, Cd{Bs{Xo)/Js{Xo)) can be 

chosen arbitrary small, thus, the statement follows. 

Proof of Theorem \4-3\ By Lemma 14.41 we have 


□ 


dimH(el^)=HAiA ^ min 1, 


h 


V-x 


for every X e U. 


X^1(A)-X^^(A) 

So it is enough to establish the lower bound. Let us argue by contradiction. Assume that there exist 
a set [/'<=[/ with Cd{U') > 0 such that 


dim//(ex )H=/rA ^ min 1, 


h 


aa 


,,, ,,, , e for Trf-a.e. X e U' for some e > 0. 

x^1(A)-x^aW 

Let Xq e U' a Lebesgue density point. Thus, there exists a Jq > 0 that for every (5o > (5 > 0 


Cd 


(xeBs{Xo):dimH{el^f 


HX ^ min < 1, 


h 


v-x 


-e] >0. 


V .. I x^1(A)-x^aW 

By using the continuity of entropy and Lyapunov exponents we have for sufficiently small 5 > 0 


Cd yX e B5 (Ao) : dimH(ex )*^a ^ min |l, 
but this contradicts Proposition 14.71 


h 


V-Xn 




-2H»' 


□ 


Proof of Theorem \4-2[ By [5l Section 1], a family of Gibbs measures for a uniformly continuously 
parametrized family of Holder continuous potentials is weakly continuous. Hence, {h\}xGU satisfy 
equation dd). Then by Theorem 14.31 we have 


dimHiex)*fJ,x = min 

On the other hand, by Theorem 13.61 if 

h 


h 


V'X 




MA 


X^1(A)-X*^(A) 
the statement holds. Thus, we may assume that 
h 


MA' 


^ min 


, 1 > for Cd-a.e XeU. 


,1 


mx 


xLW 


mx 


x^aW-xLW 


< 1> X^l(A) > 2x^JA) and 


h 


MA 


h 


AA 


r-x' 




> 2 . 


By la Lemma 4.12], we get that dim^f( tt^^ 2 sf'fx') ^^*1 statement follows by Theorem l3.61 

□ 
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5. Proof of Theorem 11.11 


Finally, in this section we prove Theorem 11.11 as an application of Theorem 14.21 
For a matrix A e u let 


S(x, A) := 


\a\x + |c|(l — x) 


(|a| + |6|)x + (|c| + \d\){l-x) 
Simple calculations show that the maps Si e C‘^\Q, 1], Moreover, 


where A = 


a b 
c d 


I rlet A I 

sup |S''(a;,A)| = max {|5'^(0, ^4)1, |S''(1,74)1} = ,,, . , and 

3;£[0,1] 


UP 


where UHoo 


inf |5 '(x, 74)I = min {15'(0,74)I, l'S"(l,74)l} = 

a:s[0,l] 

max{|a| + |6|, |c| + |d|} the usual oo-norm of matrices. 


det 74| 


(5.1) 


(5.2) 


Lemma 5.1. Let A = {74i,..., 74^} be a set of non-singular matriees with either strictly posit¬ 
ive or strictly negative elements such that < 1. Let cj) = {5'i(.) := 5(.,74j)}^^ be IPS on 

[0,1] and let IT : S'*' t—> [0,1] be the natural projection of 4>. Then for every i+ e S'*' the vee- 
tor (n(4)-l,n(i+))^ee-(i+). 

Proof Let A = {Ai ,..., 747v} and the IFS 4> = {5i,..., Sjy} be as required. It is easy to see that the 
cone M = {(x,y) e M^/{(0,0)} : xy ^ O] is backward invariant. So, by [3l Theorem B], A satisfies 
the dominated splitting. 

For an i+ e S'*' let e^^(i+) be the invariant strong stable direction defined in (15.ip . By the definition 
of n: s-^ ^ [0,1] 


/- 4 n(ui+) - diPl - n(fTi+))\ 

/^n(i+) -1\ __ OionU+) + Qo(i - n(ui+)) ) _^ 

V n(i+) ) (|aij + I 4 |)n(cji+) + (IqJ + I4j)(l-n(cji+)) 

_ det 74^0 _ /n((Ti+) - 1 \ 

(|a*ol + l^*ol)n(o'i+) + (|cij + |dij)(l-n(c7i+)) V n(o-i+) )' 


Thus, by Lemma r2.2l and uniqueness, the 1 dimensional subspace e^®(i+) contains (n(i+) 


i,n(i+))^. 

□ 


Lemma 5.2. Let A = {Ai,... ,Aj\f} be arbitrary sueh that Ai e 971, where 971 is defined in (11.31) . 
Moreover, let A{t) = {Ai A- tiBi,..., Am + t^BM}, where t e 


Ai 


f ai 6A 
Vci dij 


and Bi 


foi bi —{oi + bi)\ 
yCj + di —{ci + df) j 


(5.3) 


Then there exists a 6 


(5(P) > 0 such that the IFS 4 = |5'}(.) 


S'(.,74i + tiBi )} satisfies the 

J i=l 


transversality eondition on {—6,6)^. 

In particular, A{t) satisfies the strong-stable transversality condition on {—6,6)^. 

Proof. Since 971^ is open, there exists a e = e{A) > 0 that A(t) e 971^ for every t e (—e,e)^. Let 
(f = {5i,..., Sm} be the IFS for A and (ft = js'},..., be the IFS for A{f). Simple calculations 

show that S\{x) = Si{x) + ti for every i = 1,..., N. By the definition of 971, by (|5.2I) and by [ISl 
Corollary 7.3] there exists 6 = (I(M.) > 0 such that 5 < e and ft satisfies the transversality condition. 
By Lemma 15.21 and Definition 14.11 it follows that A{t) satisfies the strong-stable transversality on 


{-5,5)^. 


□ 
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Lemma 5.3. Let us define for every A £ 

p{A) := 


n (J A{t), 

teRN 


■N 


where A{t) is defined in Lemm,a \5. Then P defines a measurable partition ofiXft 

Proof. By the definition of P it is enough to show that if .4, 7^ then either P{A) = P{A') or 
P{A) n P{A') = 0. 

Let us fix ^ 7^ A! and suppose that P{A) n P{A') 7^ 0. Then there exist ti,... e M and 
t'l,... eM. that Ai+LBi = A[+fiB[ for every i = 1,..., A^, where Bi and B[ defined in (I5.3p . Thus 
ai + bi = a[ + b[ and Ci + di = c!i + d[. Hence, P[A) = P{A!). The measurability is straightforward. □ 

Proof of Theorem \l.l[ First we show that if .4 e u Dw; where and On are defined in (11.41) . 
then condition ([m]) of Theorem l4.2l holds for the Kaenmaki measure of A, defined in Definition [2TJ 


Indeed, if .4 e then 




h„ 


-ySS 

X^K 


X^K 




X^K 


and on the other hand, if .4 e On then 


h^,K 


'ySS 

X^K 


X^K 


h K 

+ 2-^ 

ss 

X^K 


X^K 


+ (so - l)x^K 


■ySS 

X^K 


X^K 


^ xIk + {so-1)x^ 

X^K 


SS 

K 


-3 


1 


V 


X K 

1 _ 

J. v®® 


So 


XIk 

2-lP- 


xlfK ^ 3 


, X X 

3(1-^ 


xIk 

2-^ > 2. 

X^K 


Now, let V a Tt" u Dw ^ be a compact set such that V° = V. Let us define for a .4 e H 

Q(A) := H n P{A), 

Thus, IJBeP(yt) |Uis(-5(B) <5(B))^ defines an open cover of Q{A). Since Q{A) is compact there is 

a hnite set {Hi,... ,Hn} that (J^Li |UtE(-5(Bi) ^ cover for <5(^1). But by Lemma 15^ 

for every i = 1,... ,n the parametrized family of matrices Bfit) satishes the strong-stable transvers- 
ality condition on (—6(jBi), 6{Bi))^. Thus, by Theorem 14.21 for every i = 1,..., n 

dim/i /if = dimfi = dim^ At = so(t) for Cn-^-g t e {—6(Bi), 6{Bi))^, 

where /if is the Kaenmaki measure of the system Bfifi) and so(t) is the affinity dimension. In 
particular, for every .4 e K 

dim/t /i^ = dim/t A = dim^ A = so{B) for CN-s^.e B e Q{A). 

By Lemma 15.31 Q is a measurable foliation of V, thus, by Rokhlin’s Theorem 
dimjit fi^ = dimtf A = dim^ A = so(Al) for C^n-^-^- A^V. 

Since V was arbitrary, the statement follows. □ 
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